
1/27

The Analysis of Kosterlitz-Thouless
Transition Using Monte Carlo Methods

Naoki Itsui
Department of Physics

Faculty of Science
Hiroshima University



2/27
Contents
1. Introduction ........................................................................ 3
2. Mermin-Wagner’s Theorem ................................................. 6
3. A definition of Classical 2𝑑 XY Model ................................ 8
4. Correlation Function .......................................................... 11
5. “Topological Excitation ..................................................... 13
6. Monte Carlo Simulation ..................................................... 16
7. Conclusion ......................................................................... 23
Bibliography .......................................................................... 26



3/27

1. Introduction
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The Nobel Prize in Physics in 2016 is for theoretical
discoveries of topological phase transitions and
topological phases of matter [1].
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The Nobel Prize in Physics in 2016 consists Three parts.
• TKNN formula
• Haldane conjecture
• Kosterlitz-Thouless transition ← I will introduce

Key Word : Topology
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2. Mermin-Wagner’s Theorem
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Mermin-Wagner's Theorem

When spacetime dimension 𝑑 is 2, continuous symmetry is
not spontaneously broken at finite temperature. When 𝑑 = 1,
continuous symmetry is not spontaneously broken including
absolute zore temperature¹[2].

¹Ising model has ℤ2 symmetry for spin flip, which is discrete symmetry
so, 𝑑 = 2 Ising model has spontaneous symmetry breaking phase in finite
temperature.
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3. A definition of Classical 2𝑑
XY Model
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The Hamiltonian is

ℋ = −𝐽∑
⟨𝑖,𝑗⟩

𝑺𝑖 ⋅ 𝑺𝑗

= −𝐽∑
⟨𝑖,𝑗⟩
(𝑆𝑥𝑖 𝑆𝑥𝑗 + 𝑆

𝑦
𝑖 𝑆

𝑦
𝑗 )

= −𝐽∑
⟨𝑖,𝑗⟩

cos(𝜃𝑖 − 𝜃𝑗)

(1)

We defined 𝑆𝑥𝑖 = cos 𝜃𝑖 , 𝑆
𝑦
𝑖 = sin 𝜃𝑖 [3], [4].
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Figure 3:  definitions of ⟨𝑖, 𝑗⟩, 𝑺𝑖, 𝑆𝑥𝑖 , 𝑆𝑦𝑖 , 𝜃𝑖
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4. Correlation Function
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In low temperature, we use spin wave approximation.

In high temperature, we use high temperature expansion.

Low 𝑇 : ⟨𝑺𝑖 ⋅ 𝑺𝑗⟩ = (
1

|𝒓𝑖 − 𝒓𝑗|
)
− 1
2𝜋𝐽𝛽

High 𝑇 : ⟨𝑺𝑖 ⋅ 𝑺𝑗⟩ = exp(−
|𝒓𝑖 − 𝒓𝑗|
𝜉

), 𝜉 = (log
2
𝛽𝐽
)
−1
(2)



13/27

5. “Topological Excitation
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What are vortices? ⇒ singular spin configuration.

Topological charge 𝑚 defines

𝑚 =
1
2𝜋
∮𝑑𝒓 ⋅ 𝛁𝜃 = 0,±1,±2,… (3)
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We can regard the topological charge 𝑚 as the electrical charge
𝑞 in 2𝑑.

In 𝑇 > 𝑇𝑐, vortex excitations can occur.
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6. Monte Carlo Simulation



17/27
We want to calculate this expectation value

⟨𝑺𝑗 ⋅ 𝑺𝑘⟩ =∑
𝑖
𝑺𝑗 ⋅ 𝑺𝑘

1
𝑍
exp(−

𝐸(𝐶𝑖)
𝑘𝐵𝑇

) (4)

𝐶𝑖 is a 𝑖th certain spin configuration, 𝐸(𝐶𝑖) is a total energy of
spin configuration 𝐶𝑖.

⟹ I used Metropolis Monte Carlo Method [5] to generate 𝐶𝑖
1. consider we change the spin configuration 𝐶𝑖 to 𝐶𝑖+1.
2. Calculate the energy differences Δ𝐸 = 𝐸(𝐶𝑖+1) − 𝐸(𝐶𝑖).
3. If Δ𝐸 < 0, the spin configuration changes 𝐶𝑖+1 .
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4. If Δ𝐸 > 0, the spin configuration changes to 𝐶𝑖+1 with

probability exp(− Δ𝐸
𝑘𝐵𝑇

).
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Figure 6:  spin configuration at 𝑇 < 𝑇𝑐. system size = 100 × 100.
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Figure 7:  spin configuration at 𝑇 > 𝑇𝑐. system size = 100 × 100.
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Figure 8:  spin configuration at 𝑇 < 𝑇𝑐. system size = 20 × 20
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Figure 9:  spin configuration at 𝑇 > 𝑇𝑐. system size = 20 × 20
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7. Conclusion
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• In two dimensions, continuous symmetry breaking

does not occur at finite temperature.

• Topological excitations, namely vortices, cause
changes in the correlation function.

• We confirmed that correlation function changes
between low and high temperature and viewd
vortices excitations as demonstrated by the Monte
Carlo method.
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Other topics related to today’s talk
• Renormalization Group Analysis in the Kosterlitz-Thouless

Transition [6].

• Experimental Realizations of the Kosterlitz-Thouless
Transition.

• Nambu-Goldstone’s Theorem and its Generalization.

• What is the phase of matter?

• What is Topological Condensed Matter Physics?
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